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1. Introduction

This PhD thesis focuses on so-called combinatorial optimization problems.
Given a finite set £ = {1,2,...,n}, a subset .# C 2% and a real function
f: 2% - R, a combinatorial optimization problem asks for a solution
S € Z that minimizes/maximizes the function f, i.e.

min/max f(S) subject to S € .Z. (1.1)

The set E is called ground set and the set .# is called the set of feasible
solutions. f is called the objective function. This thesis focuses on graph
problems, especially on the problems dealing with tours and trees.

Of course, there are many possibilities of categorizing combinatorial opti-
mazation problems. We can e.g. divide the problems into two groups depend-
ing whether the objective function value has to be minimized or maximized.
Another classification of combinatorial optimization problems is based on the
computational complexity. The concepts we introduce in the following are
well known to the combinatorial optimization community. Therefore we just
refer to the famous books of KORTE and VYGEN [32], of AUSIELLO et al [7]
and of SCHRIJVER [49] for future details and exact definitions. Roughly spo-
ken, there exist problems which are “easily solvable” and others which are
most likely “hard to solve”. In the terms of mathematics, the “easy” problems
belong to the complexity class P while the hard ones belong to N'P-hard.

The question whether P Z NP represents one of the most famous open

problems of the last century which still remains unsolved. Of course many

complexity subclasses exist that make this classification more specific. One

such class are the problems having constant-factor approrimation algorithms.
This thesis has two main research goals.

(1) On the one hand, it estimates whether special cases of well known
and widely studied combinatorial optimization problems differ in their
complexity status from the general case.

(2) On the other hand, we solve selected N"P-hard problems to optimality
by using ILP solvers and try to speed up the solution process by ex-
ploiting some combinatorial and polyhedral properties of the underlying



2 1. INTRODUCTION

problems. The results are strongly backed by thorough computational
experiments.

The PhD thesis is organized as follows. Chapter 2 deals with “trees”.
The data arrangement problem on reqular trees (DAPT) consists in assigning
the vertices of a given graph G, called the guest graph, to the leaves of a
d-regular tree T, called the host graph. This is done such that the sum of
the pairwise distances of all pairs of leaves in T" which correspond to the
edges of G is minimized. The problem was first considered by LUCzZAK and
NOBLE [35] who have shown that the DAPT is A/P-hard for every fixed
d > 2. STANEK [51] and later CELA and STANEK [10] examined the problem
from a computational point of view. They introduced a lower bound and
some heuristics which were tested on (i) adopted linear arrangement problem
(LAP) instances, (ii) random instances and (iii) a class of instances based
on easily solvable special cases. The last test instance group was the main
motivation for this part of this thesis.

We start by focusing on the special case of the DAPT where both the guest
and the host graph are binary regular trees and provide a %—approximation
algorithm for this special case. The solution produced by the algorithm and
the corresponding value of the objective function are given in closed form.
The analysis of the approximation algorithm involves an auxiliary problem
which is interesting on its own, namely the k-balanced partitioning problem
(k-BPP) for binary regular trees and particular choices of k. We find a
solution algorithm for the latter problem and provide a formula yielding the
objective function value. Moreover, we estimate a lower bound for it and
subsequently, we obtain a lower bound for the original problem by solving
h¢ instances of the k-BPP, where h¢ is the height of the host graph G.

Furthermore, we generalize the introduced algorithm to another special
case of the DAPT. In this case, both the guest and the host graph are d-
regular trees for some fixed d > 2. Thereafter, we provide a weaker but even
more general lower bound. It is based on the partitioning problem into sets of
bounded cardinality (PPSBC) and it leads to a proof of a %—approximation
ratio for the introduced algorithm.

Finally, we show that the DAPT remains NP-hard even if the guest
graph is a tree. This issue was posed as an open question by LUCZAK and
NOBLE [35].



Results of this chapter are based on joint work with ERANDA CELA and
JOoACHIM SCHAUER. They were published in arXiv and are submitted to
Algorithmica for publication [11].

The rest of this thesis—Chapters 3 and 4—focuses on one of the most
prominent combinatorial optimization problems, namely the traveling sales-
man problem (TSP), and its variants. All discussed problems consist of find-
ing an optimal four with respect to some pre-specified objective function.

In Chapter 3 we deal with the TSP. Given a complete graph G = (V| E)
and non-negative distances d for every edge, the TSP asks for a shortest tour
through all vertices with respect to the distances d. The method of choice
for solving the TSP to optimality is a branch-and-cut approach. Usually the
integrality constraints are relaxed first and all separation processes to identify
violated inequalities are done on fractional solutions.

In our approach we try to exploit the impressive performance of current
ILP solvers and work only with integer solutions without ever interfering
with fractional solutions. We stick to a very simple ILP model. First, we
relax the subtour elimination constraints only and solve the resulting problem
to integer optimality. The obtained solution corresponds to a 2-matching
containing one or more cycles. These cycles can be found by a simple scan
and we include a subtour elimination constraint for each such cycle and
subsequently resolve the enlarged ILP model. This process is repeated until
a feasible TSP solution is found.

In order to speed up the algorithm, we pursue several attempts to find
as many relevant subtours as possible. These attempts are based on the
clustering of vertices with additional insights gained from empirical obser-
vations and random graph theory. Computational results are performed on
test instances taken from the TSPLIB95 and on random FEuclidean graphs.

At the end of this chapter some theoretical results and further empirical
observations for random Euclidean graphs are presented.

The chapter is based on a joint work with ULRICH PFERSCHY. The first
results were published in proceedings of the MATCOS-13 conference [42].
The final version was accepted for publication in Central European Journal
of Operations Research [44]. In addition, an extended version is available in
arXiv [43].

The results of Chapter 3 were the motivation for their application on other
variants of the TSP which are focused in Chapter 4. The symmetric quadratic
traveling salesman problem (SQTSP) associates a cost value with every three
vertices traversed in succession. If the vertices correspond to points in the
Euclidean plane and the costs are given as the turning angles of the tour, we
speak of the angular-metric traveling salesman problem (AngleTSP).



4 1. INTRODUCTION

In this chapter, we consider the SQTSP mainly from a computational
point of view. In particular, we adopt the basic algorithmic idea used for
the TSP and perform the separation of the classical subtour elimination con-
straints on integral solutions only. It turns out that this approach beats the
standard fractional separation procedure known from the literature. We also
test more advanced subtour elimination constraints introduced by FISCHER
and HELMBERG [21] both for the integral and the fractional separation pro-
cedures, but these turn out to slow down the computation. In addition, we
provide a completely different, mathematically interesting MILP lineariza-
tion for the AngleTSP. It introduces only a linear number of additional vari-
ables while the standard linearization requires a cubic number. However, this
theoretical advantage does not carry over to the computational results.

Finally, we deal with the maximization variant MazSQTSP. In contrast
to the minimization counterpart it turns out that introducing some of the
stronger subtour elimination constraints by FISCHER and HELMBERG [21]
now outperforms the standard approaches. For the special case of MazAn-
gleTSP we can observe an interesting split: For an odd number of vertices
it can be shown that the sum of inner turning angles in an optimal solution
always equals 7. This implies that the problem can be solved by the standard
ILP model without producing any integral subtours. Moreover, we can char-
acterize the structure of an optimal solution and give a simple constructive
polynomial time algorithm to find such an optimal solution. If the number
of vertices is even, no such result exists.

The chapter is based on a joint work with OSWIN AICHHOLZER, ANJA
FI1SCHER, JOHANNES FABIAN MEIER, ULRICH PFERSCHY and ALEXANDER
PiLz. An extended abstract pointing out the computational results and the
new linearization was submitted to Cologne Twente Workshop 2016.

At the end of the thesis, some final notes, conclusions and questions for
future research are provided in Chapter 5.



2. The data arrangement
problem on d-regular trees™

Given an undirected graph G = (V(G), E(G)) with |[V(G)| = n, an undi-
rected graph H = (V(H), E(H)) with |V/(H)| > n and some subset B of the
vertex set of H, B C V(H) with |B| > n, the generic graph embedding
problem (GEP) consists of finding an injective embedding of the vertices
of G into the vertices in B such that some prespecified objective function is
minimized. Throughout this chapter we will call G the guest graph and H
the host graph. A commonly used objective function maps an embedding
¢: V(G) — B to

Y d(6(i),6(4)), (2.1)

(i,J)€E(G)

where d(z,y) denotes the length of the shortest path between x and y in
H. The host graph H may be a weighted or a non-weighted graph; in the
second case the path lengths coincide with the respective number of edges.
Given a non-negative number A € R, the decision version of the GEP asks
whether there is an injective embedding ¢: V' (G) — B such that the objective
function does not exceed A.

Different versions of the GEP have been studied in the literature; the
linear arrangement problem, where the guest graph is a one dimensional
equidistant grid with n vertices is probably the most prominent among them
(see CHUNG [12], JUVAN and MOHAR [30], SHILOACH [50]).

This chapter deals with the version of the GEP where the guest graph
G has n vertices, the host graph H is a complete d-regular tree of height
[log,;n| and the set B consists of the leaves of H. From now on we will
denote the host graph by 7. The height of T" as specified above guarantees
that the number |B| of leaves fulfills |B| > n and that the number of the
direct predecessors of the leaves in 7' is smaller than n. Thus [log,n] is the

*Joint work with ERANDA CELA and JOACHIM SCHAUER [11].

5
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smallest height of a d-regular tree which is able to accommodate an injective
embedding of the vertices of the guest graph on its leaves. This problem
is originally motivated by real problems in communication systems and was
first posed by Luczak and NOBLE [35].

We call the above described version of the GEP the data arrangement
problem on regular trees (DAPT). LuczAk and NOBLE [35] have shown
that the DAPT is N'P-hard for every fixed d > 2 and have posed as an open
question the computational complexity of the DAPT in the case where the
guest graph is a tree. We answer this question and show that this particular
case of the problem is NP-hard for every d > 2. In the special case where
both the guest graph G and the host graph 7' are binary regular trees we

203

give a %—approximation5 E;ag)lgorithm. Finally, we generalize the introduced

algorithm and prove its 3g7-approximation ratio for the special case where

both the guest graph G and the host graph H are d-regular trees with d > 3.

This chapter is organized as follows. Section 2.1 discusses some general
properties of the problem and introduces the notation used throughout the
chapter. Section 2.2 presents an algorithm for the DAPT on binary regular
trees, where the guest graph is also a binary regular tree. Section 2.3 deals
with the k-balanced partitioning problem (k-BPP) in binary regular trees.
This version of the k-BPP serves as an auxiliary problem in the sense that it
leads to a lower bound for the objective function value of the DAPT on binary
regular trees. In Section 2.4 we use the auxiliary problem and the lower bound
mentioned above to analyze the algorithm presented in Section 2.2 and show
that the latter is an %—approximaﬁon algorithm. Moreover, in Section 2.5
we generalize the introduced approximation algorithm for d-regular trees,
where d > 3. Finally, in Section 2.6 it is proven that the DAPT is N"P-hard

for every d > 2 even if the guest graph is a tree.

2.1 Notations and general properties of the
DAPT

First, we formally define a d-regular tree as follows:

Definition 2.1 (d-regular tree). A tree T = (V(T),E(T)) is called a
d-regular tree, d € N, d > 2, if

(1) it contains a specific vertex vy € V' of degree d which is called the root
of T and is also denoted by r(T) ,

(2) every vertex but the leaves and the root has degree d + 1 and
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(3) there is a number h € N such that the length d(l,v1) of the path between
the root v1 and a leaf | equals h for every leaf | of T.

The number h is called the height of the tree T, and is also denoted by
h(T). For every vertex v € V\{v,}, i.e. for any vertex v but the root vy, the
unique neighbor of v in the path between vy and v in T is called the father
of v. All other neighbors of v (if any) are called the children of v. The
neighbors of the root vy are called children of v,. The level of a vertex
v, denoted by level(v), is the length (i.e. the number of edges) of the unique
path joining v and the root vy of the tree. Thus in a d-reqular tree of height
h the level of each leaf equals h, whereas the level of the root vy equals 0. All
vertices w, w # v, of the unique path joining v and the root vy of the tree
are called ancestors of v. Given two vertices v and u their most recent
common ancestor w is their common ancestor with the highest level, i.e.
w = argmax{level(t): t is a common ancesteor of v and u}.

A subtree of k-th order of a d-reqular tree T is a d-reqular subtree T’
of T of height h(T') = h(T) — k, rooted at some vertex of level k in T. A
subtree of first order will be called a basic subtree.

Consider a guest graph G = (V| E) with n vertices, and a host graph T
which is a d-regular tree of height h, h := [log;n]. Let B be the set of leaves
of T'. Notice that due to the above choice of h we get the following upper
bound for the number b = | B| of leaves:

b:=|B|=d"=d"'d <nd. (2.2)

Definition 2.2 (data arrangement problem on regular trees). Given a
guest graph G = (V| E) with |V| =n and a host graph T which is a d-regular
tree with set of leaves B and height equal to [log,n], an arrangement is an
injective mapping ¢: V — B. The data arrangement problem on regu-
lar trees (DAPT) asks for an arrangement ¢ that minimizes the objective

value OV (G, d, ¢)

OV(G,d,¢) == > dr(¢(u),(v)), (2.3)

(u,v)EE

where dp (¢(u), ¢(v)) denotes the length of the unique ¢(u)-¢(v)-path in the
d-reqular tree T'. Such an arrangement is called an optimal arrangement.
The corresponding value of the objective functions is called the optimal
value of the problem. An instance of the DAPT is fully determined by the
guest graph and the parameter d of the d-reqular tree T which serves as a
host graph. Such an instance of the problem will be denoted by DAPT (G, d)
and its optimal value will be denoted by OPT(G,d).
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Theorem 2.3. The DAPT is N'P-hard for every fived d > 2.
Proof. See LuczAk and NOBLE [35]. O

Example 2.1. A guest graph G of height 3 is shown in Figure 2.1. Figure
2.2 represents the same guest graph G, but with another coloring of its ver-
tices; the role of the coloring will be explained below. Figures 2.3 and 2.4
depict a feasible ¢ arrangement and an optimal arrangement ¢4 of G, yield-
ing the objective function values OV (G,2,¢) = 58 and OV (G,2,¢4) = 56,
respectively.

Note that the labels in the vertices of the guest graphs denote the index of
the vertices in the so-called canonical ordering (defined below). The labels of
the leaves in the host graphs represent the arrangement: The label of each leaf
coincides with the index of the vertex arranged at that leaf (in the canonical
ordering).

The colors should help to capture some properties of the arrangement at
a glance: The set of vertices of a certain color in the quest graph is arranged
at the set of leaves of the same color in the host graph T'. Moreover, some
of the vertices in the guest graph have a dashed boundary, the others have
a solid boundary. The graphical representation of an arrangement preserves
the boundary property in the sense that vertices with a dashed boundary in
G are arranged at dashed-boundary leaves of the same color in T. The same
principle holds for dotted boundaries.

Definition 2.4 (canonical order). The canonical order of the vertices of
the guest graph and the canonical order of the leaves of the host graph are
defined recursively as follows.

(a) The canonical order of the leaves of a d-regular tree 7T is an
arbitrary but fived order if h(T) = 1. If h(T) > 1 then an order of the
leaves is called canonical if (i) it implies a canonical order of the leaves
of every basic subtree of T, and (ii) for an arbitrary but fixed order of
the children chy, ..., chq of the root r(T) of T all leaves of the basic
subtree rooted at ch; precede all leaves of the basic subtree rooted at ch,
fori<j,i,5€{1,2,...,d}, in this order.

(b) A canonical ordering of the vertices of a d-regular tree T is
the unique order if h(T) = 0. If h(T) > 1, a canonical order of the
vertices of T is an order obtained by extending the canonical order of
the vertices of the d-reqular tree T of height h(T") = h(T) — 1 obtained
from T by removing all of its leaves and fulfilling the following two
properties: (i) all vertices of T' precede the leaves of T, and (ii) for
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any two leaves a and b of T', if a precedes b, then all children of a in
T precede all children of b in T

If the leaves of a d-regular tree T are ordered according to the canonical
order as above, then the pairwise distances between them are given by a
simple formula.

Observation 2.5. Let T be a d-regular tree of height h :== h(T) and let its
b leaves be labeled according to the canonical order by < by < ... < by,. Then
the distances between the leaves in T are given as dp(b;, b;) = 21, where

l::min{ke{l,Q,...,h}: V;—li:V;lJ}, (2.4)

for alli,j € {1,2,...,b}. If vertex u is the most recent common ancestor of
b; and b;, then h — | = level(u).

Proof. See CELA and STANEK [10]. O

In this chapter we deal with the special case where both the guest graph
G and the host graph T are d-regular trees, where d > 2; an instance of
this problem is fully specified by the guest graph G and will be denoted by
DAPT(G,d). From now on we denote by hg the height of the guest graph
G and by h the height of the host graph T'. Moreover we will always use the
canonical order v; < v9 < ... < v, of the vertices v;, 1 <i <n, n:=|V(G)|,
of the guest graph, and the canonical order b; < by < ... < b, of the b leaves
of the host graph 7" as in the observation above. See e.g. Figure 2.1 for an
illustration of the canonical order of the vertices of a regular tree of height
3; for simplicity we specify the indices 7, 1 <14 < 15 instead of the labels v;,
1 <i<15.

In the following we list some obvious equalities which will be used through
the rest of this chapter.

Observation 2.6.

dhatt —1
_ 2.
n T (2.5)
dhett —1

b=d'¢t =d.d" (2.7)
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2.2 An approximation algorithm for binary
trees

Let us assume that d = 2 in the following three sections. First, we can
simplify the equations in Observation 2.6 and get

n =2ttt 1 (2.8)
b=2-2"¢ =p 41, (2.9)

In this section we describe a recursive approximation algorithm A for
the DAPT(G,2) where the guest graph G is a binary regular tree. Later in
Section 2.4 it will be shown that this is an a-approximation algorithm with
a = %, ie. OV(G,2,04) < aOV(G,2,¢,) holds for every binary regular
tree GG, where ¢, denotes the optimal arrangement of DAPT(G,2) and ¢4

denotes the arrangement computed by algorithm A described below.

Require: binary regular tree G = (V, E) of height hg whose vertices are
labeled according to the canonical order

Ensure: arrangement ¢4

b — 2}1@+1;

if hg =0 then
¢a(v1) = bi;

else[hg > 0]

solve the problem for the basic subtrees é\l and (/}'\2 of height E; =

—~(1 —~(2
ha — 1 and obtain the respective arrangements ¢ A( and ¢ A( );

6: arrange the vertices of the left basic subtree on the leaves by, bo, ...,

b 1 according to the arrangement @(1) and the vertices of the right basic
subtree on the leaves b Lhits b Lpyor - b, according to the arrangement
—~(2)
A

T Ga(v1) = byy;

8: if hg is odd and hg > 3 then

9: exchange the vertices arranged on the leaves bibfl and b%b (pair-
exchange);

10: end if

11: end if

12: return ¢4;

Algorithm 2.1: Approximation algorithm A which computes the
arrangement ¢ 4.

In the following we apply this algorithm on an instamce of DAPT(G,?2)
with hg = 3. Observe that the leaf by, is always free prior to the execution
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of pseudocode line 7 due to the recursion and due to the assignment in
pseudocode line 3.

Example 2.2. Consider the guest graph G = (V, E) of height hg = 3 de-

picted in Figure 2.1 and apply algorithm A.

14115} 14115}
Figure 2.1: A guest graph G = (V, E) Figure 2.2: A guest graph G = (V, E)
(binary regular tree of height hg = (binary regular tree of height hg =
3). The colors are related to the ar- 3). The colors are related to the ar-
rangement ¢ depicted in Figure 2.3. rangement ¢ depicted in Figure 2.4.

Since hg = 3 > 0, the algorithm executes the else part beginning in pseu-
docode line 4. In pseudocode lines 5 and 6 the arrangements for both basic
subtrees, i.e. for graphs of height hg = hg—1 = 3—1 = 2 are computed. (The
arrangement Q/ﬁ; for i/LZ; = 2 is depicted in Figure 2.22 in Appendiz.) In the
next step, the root is arranged at the middle leaf (see pseudocode line 7) and
the arrangement ¢ depicted in Figure 2.3 is obtained. The label of each leaf
corresponds to the index of the vertex of the guest graph arranged at that leaf.
The objective value which corresponds to arrangement ¢ is OV (G, 2, ¢) = 58.

YOO RO ITEN

e
Figure 2.3: Arrangement ¢ obtained from Algorithm 2.1 for the guest graph

of height hg = 3 depicted in Figure 2.1. Its objective function value is
OV (G,2,¢) = 58.

OC

Next, consider the condition in pseudocode line 8: Since hg = 3 is odd
and hg = 3 > 3, the pair-exchange marked in Figure 2.3 by the arrows in the



12 2. DATA ARRANGEMENT PROBLEM

dashed line is performed. The value of the objective function corresponding
to the resulting arrangement ¢4 in Figure 2.4 is OV (G,2,¢4) = 56. The
quest graph colored according to this arrangement is depicted in Figure 2.2.
In fact, this arrangement is optimal, but in general Algorithm 2.1 does not
yield an optimal arrangement.

0

ﬂ{\/k e

e oooo
@B O

ii';\'g" 7
OO TODFIC

Figure 2.4: Arrangement ¢4 obtained from Algorithm 2.1 for the guest graph
of height hg = 3 depicted in Figure 2.2. Its objective function value is
OV (G,2,¢4) = 56.

Next we give a closed formula for the objective function value correspond-
ing to the arrangement ¢4 computed by the algorithm A.

Lemma 2.7. Let the quest graph G = (V, E) and the host graph T be binary
reqular trees of heights hg and h = hg + 1 respectively, where hg is odd,
hg > 3. Then the pair-exchange defined in Algorithm 2.1 in pseudocode
line 9 decreases by 1 the number of edges which contribute to the objective
by 4, increases by 1 the number of edges which contribute to the objective
value by 2, and does not change the number of edges which contribute to the
objective value by 2i for 1 > 3. Summarizing such a pair-exchange improves
the value of the objective function by 2 as compared to the value corresponding
to the arrangement available prior to this pair-exchange.

Proof. Let ¢ be the arrangement available prior to the pair-exchange steps
done in pseudocode line 9 in Algorithm 2.1. Denote the arrangement ob-
tained after the pair-exchange by ¢ 4. Consider the vertices and edges which
are affected by the pair-exchange in pseudocode line 9. According to the
algorithm (see pseudocode line 7) the root v; of G is arranged on the leaf blb
and its left and right children v, and v3 are arranged on the leaves b1 1, and bsb,
respectively. (Recall that the pair-exchange is performed only if hG is odd)
Moreover the algorithm places the rightmost leaf, say x, of the basic subtree
of G rooted at the child v, on leaf b1,y of T'. So the pair-exchange involves

the vertices v; and x of G and ¢4(v1) = ¢(x), Ppa(x) = P(v1), daly) = d(y),
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for y € V\{v1, 2}, hold. The change A in the value of the objective functions
corresponding to ¢ and ¢4, respectively, is then given as follows.

A= 0V(G,2,¢) — OV(G,2,¢4) (2.10)

= D dr(6@).éw) + D dr(é(v), ¢(x)-

veV\{z} veV\{v1}

{v,u1}€F {v,z}€E

> dr(dav), ¢a(v)) = D dr(da(v), ¢a(x)) (2.11)
o)k (orier
= Y2 [dr(60), 9(v) ~ dr(9a(v), (o)) +

veV\{z}

{v,v1}€E

> dr(0(0),6(@)) = dr(64(v), 0a(x))] (2.12)
veV\{v1}

{v,x}€FE
= 3 [ar(0w), 6(m) — dr(6(v), 6(x) |+

veV\{z}

{v,u1 }€FE

> |dr(¢(v),6(2)) = dr(6(v), 6(v0))] (2.13)
veV\{vy}

{v,z}€eE

Considering that v; has only two neighbors, namely v, and vz, and denoting
by y the unique neighbor (i.e. the father) of leaf z in G' we get

A =dp(¢(v2)p(v1)) — dr(d(v2)e(x)) + dr (P(vs)(v1))—
dr ((vs)p(2)) + dr(d(y)p(z)) — dr(d(y)d(v1))
=2hg —2+2(hg+1) —2(hg + 1) + 4 — 2hg
=2.

(2.14)

0

Lemma 2.8. Let the quest graph G = (V, E) and the host graph T be binary
reqular trees of heights hg and h = hg + 1 respectively. Then the value
OV (G,2,04) of the objective function of the DAPT corresponding to the
arrangement ¢4 obtained from Algorithm 2.1 is given as follows:

0 for hg =0

Ov(thv 2, qu) = OV(G7 2, ¢A) = 23—9 . 2ha dhg — 9 + %(—1)}@ .
for hg > 1

(2.15)
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Proof. The proof is done by induction with respect to hg. Let us denote
G, a binary regular tree of height h throughout this proof. Clearly we have
OV (Gy,2,¢4) = 0. For hg = 1 we obviously have OV (G1,2,¢04) =2+4 =6
by the construction (see Figures 2.19 and 2.20 in Appendix). Both this
equalities are consistent with (2.15).

Assume that (2.15) holds for some hg > 1. For hg + 1 we get

20V (Ghg, 2,04) +2(hg + 1) + 2(hg + 2) — 2
for hg + 1 odd

OV (G i1, 2, da) = ,
(Gha+1,2,04) 20V (Ghor 2, 64) + 2(he + 1) + 2(he + 2)

for hg + 1 even
(2.16)

where:

e 20V (Ghyt1,2, ¢a) represents the objective function value correspond-
ing to the arrangements of the basic subtrees.

e 2(hg + 1) and 2(hg + 2) represent the contribution of the edges con-
necting the root v; with its left and right child in the objective function
value, respectively. (Prior to the pair-exchange step the root vy is ar-
ranged at the leaf b% , While its children, vy and vs are arranged at the

leaves v1; and bs,, respectively.)

e —2 represents the contribution of the pair-exchange step if hg + 1 is
odd (hg + 1 > 3 since hg > 1), according to Lemma 2.7.

According to the induction assumption we substitute OV (Gp,,, 2, p4) by
the expression on the right hand side of equation (2.15) and after simplifying
we get

? . ohg+1 _ Alhg +1) — 9+ %(_1)hc+1
if hg + 1 1is odd

OV (Ghps1,2,04) = (217
( hg+1 ¢A) ? . 2hc+1 . 4(hG’ + 1) — 94+ %(_1)hc+1 ( )

if hg + 1 is even.

O

Finally, notice that this approximation algorithm A does not solve the
problem to optimality as illustrated by the following example.
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Example 2.3. Consider a guest graph G = (V, E) of height hg = 6 de-
picted in Figure 2.5. The arrangement ¢ computed by Algorithm 2.1 is
depicted in Figures 2.7 and 2.8; it yields an objective function value of
OV(G,2,04) = 586. Consider now another arrangement ¢ for the same
graph yielding an objective function value of OV (G, 2, ¢) = 584 and depicted
explicitly in Figures 2.6, 2.9 and 2.10. Later in Section 2.4 we will show
that the approximation algorithm A yields an optimal arrangement ¢ for
he < 5. Thus this is the smallest instance of the DAPT(G,2) for which the
algorithm A does not compute an optimal arrangement.

2.3 The k-balanced partitioning problem

In this section we introduce the k-balanced partitioning problem and a spe-
cial case of it which will be involved in the analysis of the approximation
algorithm for the DAPT(G,2) with a binary regular tree G.

Definition 2.9 (k-balanced partitioning problem). Given a graph G =
(V,E) with |V]| = n and k > 2, a k-balanced partition is a partition of
the vertex set V into k mon-empty partition sets Vi # 0, V5 # 0, ...,
Vi £ 0, where UE_ Vi, =V, V;NV; =0 for every i # j and |V;| < [%] for all
1 <i < k. The k-balanced partitioning problem (k-BPP) asks for a
k-balanced partition ¥ which minimizes

c(G,Y) ::‘{(U,U)EEWEVI-,UEVj,i#j}’, (2.18)

where ¥V == {V;|]1 <i < k}.

k-BPP is a well known N'P-hard problem (for k = 2 we get the mini-
mum bisection problem which is N'P-hard, see GAREY and JOHNSON [22]).
A lot of work has been done focusing on the computational complexity of the
k-BPP. ANDREEV and RACKE proved further complexity results for a gener-
alization allowing near-balanced partitions [5]. KRAUTHGAMER, NAOR and
SCHWARTZ provide an approximation algorithm achieving an approximation
of O(y/lognlogk) [33]. And finally, FELDMANN and FOSCHINI proved that
the k-BPP remains APX-hard even if the graph G is restricted to be an
unweighted tree with constant maximum degree [18].

We deal with a special case of this problem where G = (V, E) is a binary
regular tree of height h > 1 and where k = 2¥ and 1 < & < h. The following
facts are obvious.
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-
’ Y
o1
\
~_-7

Figure 2.5: Guest graph G = (V, E) (binary regular tree of height hg = 6).
The colors are related to the arrangement ¢4 depicted in Figures 2.7 and 2.8.
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Figure 2.6: Guest graph G = (V, E) (binary regular tree of height hg = 6).
The colors are related to the arrangement ¢ depicted in Figures 2.9 and 2.10.
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Figure 2.7: Arrangement ¢4 obtained from Algorithm 2.1 for the guest graph
G = (V, E) depicted in Figure 2.5 — first part. Its objective function value is
OV(G,2,¢4) = 586.
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Figure 2.8: Arrangement ¢4 obtained from Algorithm 2.1 for the guest graph
G = (V, E) depicted in Figure 2.5 — second part. Its objective function value
is OV(G,2,¢4) = 586.
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Figure 2.9: Arrangement ¢ for the guest graph G = (V, E) depicted in
Figure 2.6 — first part. Its objective function value is OV (G, 2, ¢4) = 584.
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Figure 2.10: Arrangement ¢ for the guest graph G = (V, E) depicted in
Figure 2.6 — second part. Its objective function value is OV (G, 2, ¢4) = 584.
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Observation 2.10. Let G = (V, E) be a binary regqular tree of height h > 1
with n = 2" —1 vertices. Let ¥V = {Vy,Va, ..., Vi.} be a k-balanced partition
with k = 2 and 1 < k¥ < h. Then one of the partition sets in ¥ has

Ng = ”T“ — 1 elements and is called the small partition set. All other
partition sets have n, = ”TH elements and are called big partition sets.

Moreover the following equalities clearly hold

ng = 2M"F* 1 and (2.19)
ny = 2" KL (2.20)

The rest of this section is structured as follows: In Subsection 2.3.1 we
introduce an algorithm to construct an optimal 2¥-balanced partition #* in
a binary regular tree. The optimality is proven in Subsection 2.3.2.

Subsection 2.3.3 provides a lower bound on the optimal value ¢(G, k, ¥*)
of the objective function of the 2¥-BPP in a binary regular tree.

2.3.1 A solution algorithm for the 2*-BPP on binary
regular trees

The algorithm consists of three simple steps. Let ¢t := h — k' + 2 and e :=

5] -1

(1) First, we partition the tree G by cutting all edges (u,v) € E with
level(u) = h — it and level(v) = h — it + 1, where 1 < i < e. Roughly
spoken, we separate e horizontal bands of height ¢ — 1 from the input
tree G, from the bottom to the top. The height of the remaining top
part is then h with t — 1 < h < 2t — 2. Let p be the number of binary
regular trees of height ¢ — 1 contained in these bands.

(2) Next consider the binary regular trees contained in the above mentioned
bands and cut all edges connecting their roots with their right children,
respectively. After that each root remains connected to the correspond-
ing left basic subtree, thus forming a big partition set, since each root
and its left basic subtree tree have 20721 — 141 = 2h=F+1 — p, vertices
altogether.

On the other hand each of the right basic subtrees mentioned above
has 26721 — 1 = 2h=K'+1 _ 1 — p, — 1 vertices and needs one more
vertex in order to form a big partition set. Let ¢ := %p. We

split p — ¢ of the right basic subtrees into isolated vertices, thus obtain-
2h—k’ +1_1

ing (p — Q)(Qh_k/—H -1) = <p - WP) (Qh_k/—H — 1) = ¢ isolated
vertices. Each of them is paired with the remaining ¢ non-split right
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basic subtrees in order to obtain further big partition sets. It is not
difficult to check that ¢ € N.

Finally, let us consider the top part consisting of a binary regular tree
of height ?L, t—1< h < 2t — 2. We cut all edges (u,v) € E with
level(u) = h—(e+1)t+ 1 and v being the right child of u. Analogously
as above we obtain one big partition set for every vertex u € V with
level(u) = h — (e + 1)t + 1 together with its corresponding left basic
subtree. Moreover, each of the remaining right basic subtrees of the
vertices u as above can be paired with one of the vertices v’ € V' with
level(u') < h—(e+1)t+1, (roughly spoken, these are the vertices lying
on the very top of the tree) in order to obtain further big partition
sets. Again simple computations show that the number of the right
basic subtrees mentioned above exceeds the number of the remaining
vertices by exactly one. Hence just one right basic subtree of one vertex
u € V with level(u) = h — (e + 1)t + 1 remains unpaired; this subtree
builds the small partition set.

The following example illustrates this algorithm.

Example 2.4. Let us consider a binary regqular tree G = (V, E) of height
h =5 depicted in Figure 2.11 and let k = 2* = 16, i.e. k' = 4.
We havet =h—k +2=5—4+2=3 ande = L%J —1= L%J —-1=1.

(1)

(2)

(3)

Thus i = 1 and we cut all edges (u,v) € E with level(u) = h — it =
5—1-3=2and levellv) =h—it+1=5—-1-3+1=3, i.e. the edges
cut by the two horizontal lines in Figure 2.11.

Now, consider the bottom band consisting of p = 8 binary reqular trees

of height t — 1 = 3 — 1 = 2 each and in each of them cut all edges

connecting the root with the right child. Each root connected to its cor-

responding left child form a big partition set; we obtain the big partition

sets V;, 3 <1 < 10 depicted in Figure 2.11. Notice that in Figure 2.11

a partition set V; contains the vertices marked by i, 1 <1 < 16.
2h-k’+1_1 95—4+1_1

Set q = it P = T 8 =6, and cut all edges of p—q =8—6 =
2 arbitrarily chosen right basic subtrees. Pair each of the thereby arising
1solated vertices with the remaining ¢ = 6 right basic subtrees to obtain
the big partition sets V; 11 < i < 16.

Finally, notice that h—(e+1)t+1=5—(14+1)3+1=0. Thus we cut
the edge connecting the root vy (note that level(vy) = 0) with its right
child according to the third step of the algorithm. We obtain the big
partition sets Vi and the small partition set Vs depicted in Figure 2.11.
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Figure 2.11: 16-balanced partition #*. Its objective value is ¢(G, ¥™*) = 21.

The numbers on the vertices indicate the indices of the partition sets to which
the corresponding vertices belong.

The objective function value of the obtained 16-balanced partition V* =
{W1,Va, ..., Vig}, i.e. the number of the cut edges, equals ¢(G,V*) =21. By
applying the results of the following subsection we conclude that this is the
optimal 16-balanced partition of G.

2.3.2 Proof of the optimality for the algorithm de-
scribed in Subsection 2.3.1

The optimality proof will make use of the following reformulation of the
k-BPP.

Consider the input graph G = (V, E) of the k-BPP, a k-balanced partition
¥V = {Vi, Vs, ..., Vi}, and the respective induced subgraphs G[V;], 1 < i <
k. Assume that G[V;] has [; connected components G;; = (V;;, E; ;) for
1 <j <l for1<i<k Defineanew graph G' = (V' E’) which contains
one representative vertex v; ; for each connected component G ;, 1 <@ <k,
1 <j < ;. Two vertices v;, ;, and v;, j, are connected in G’ iff the connected
components Gy, ;,, G, ;, are connected by an edge in G. Observe that if G
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is a tree, then G’ is also a tree and the following equality holds
oG, ¥Y)=I|E"N=|V]-1 (2.21)

Thus the value of the objective function of the k-BPP corresponding to a
k-balanced partition ¥ of a tree G equals the overall number of the connected
components of the subgraphs induced in G by the partition sets of ¥ minus
1. Hence the goal of the k-BPP can be rephrased as follows: Determine a
k-balanced partition 7 such that the number of the connected components
of the subgraphs induced in G by the partition sets is minimized.

Finally, note that the equality (2.21) holds for every (not necessarily
balanced) partition 7.

Example 2.5. Let us consider the graph and the partition depicted in Fig-
ure 2.11. The tree G' is depicted in Figure 2.12.

Figure 2.12: The graph G’ corresponding to the binary regular tree G and
the 16-partition ¥ depicted in Figure 2.11.

The partition sets V;, 1 < ¢ < 10, generate one connected component
each, the partition sets V;, 11 <1 < 16 generate two connected components
each. Notice that equality (2.21) is fulfilled: the tree G' has 22 vertices and
21 edges and ¢(G,¥) = 21, see Example 2.4.

Denote by n;(¥’) be the number of partition sets in #* which induce 4
connected components each in G, for ¢+ € N. Notice now that the following
observation holds.

Observation 2.11. Consider the 25 -BPP for a binary reqular tree G of
height h, h > k', and let ¥* be the k-balanced partition computed by the
algorithm described in Subsection 2.3.1. Then

n (V") > n(¥) (2.22)
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implies

(G, 7)< c(G,¥7) (2.23)
for any k-balanced partition V" of G.

Proof. As argued above for every k-balanced partition ¥ the value ¢(G,¥")
of the objective function equals the overall number of connected components
induced in G by the partition sets of " minus 1, and hence

(G, V)= (V)1 (2.24)

holds. If ny(¥™*) > ny(¥) and since n;(#*) = 0 for i > 3, the following
equalities and inequalities hold:

oG V)= iny(V) -1 >0y (V) +2(k —ni () — 1
:;{—nl(”V)—l >2k—n (V") -1 (2.25)
=m (V") +2(k —n (V")) =1L =n (V") 4+ 2no(V™) — 1
= (G, V).

O

Theorem 2.12. Let G = (V, E) be a binary regular tree of height h >
1 and let k = 2%, where 1 < k' < h. Then the algorithm presented in
Subsection 2.3.1 yields an optimal k-balanced partition ¥*.

Proof. Due to Observation 2.11 it is enough to show that ny(#™*) > ny(¥)
for any k-balanced partition ¥ of G.

Let us first show that every k-balanced partition ¥ =: ¥, can be trans-
formed step by step into a sequence ¥ =: ¥y, #,..., ¥ = V', 1 € N, of
k-balanced partitions with the following properties:

(a) ny1(7) > n1(¥-—1) holds for every t € {1,2,...,1}, and

(b) the big partition sets of #” which induce one connected component in
G each coincide with the big partition sets of 7™ which induce one
connected component in G each.

In the following the steps of this transformation are explained. Consider a
k-balanced partition 7" whose big partition sets which induce one connected

component in G each do not coincide with the corresponding partition sets
of 7*.
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For every vertex v € V' let Py(v) be the uniquely determined partition
set in ¥ such that v € Py (v). Consider the vertices v € V with level(v) =
h—it+1, where 1 <i<e,e= L%J — 1, and choose among them a vertex
with the largest level such that Py (v) # Py« (v). Perform now the following
transformation steps.

Case 1. If the partition set Py (v) consists of the vertex v € V together
with the binary regular subtree of height h — k&’ rooted at its right
child, then exchange the subtrees rooted at the left and the right child
of v, respectively, to obtain a new k-balanced partition #” for which
obviously ny(?) = ny(?”) holds.

Case 2. If Case 1 does not arise, then Py (v) contains neither the binary
regular subtree of height h — k&’ rooted at the right child of v nor the
binary regular subtree of height A — k' rooted at its left child. At least
one of these two subtrees does not build a small partition set in #". Let
this be the left subtree (otherwise we would apply an exchange of the
two subtrees as in Case 1). Denote this subtree by T. If Py(v) is a
big component, then exchange the vertices contained in Py (v) and the
vertices of T' (the one by one assignment of the corresponding vertices
is done arbitrarily). Denote the resulting balanced partition by #”.
Clearly Py/(v) induces one connected component in G. Moreover Py (u)
induces more than one connected component in G, for every u € V(T'),
because T does not build a small partition set in #". Then ny(?”) >
n1(7’) holds (no partition sets inducing one connected component in G
are destroyed). If Py (v) is the small component, then again exchange
the vertices contained in Py (v) against all but one of the vertices in
the subtree T' of height h — k' rooted at the left child of v (the one by
one assignment of the corresponding vertices is again done arbitrarily).
Then add the remaining vertex of T to the partition set containing
v and resulting after that exchange. Denote the resulting balanced
partition by ¥”. Clearly Py (v) induces one connected component in
G. Further Py (u) induces more than one connected component in G,
for every u € V(T'), because T' does not build a small partition set in
¥ Thus ny(¥") > ni1(¥) holds again for the same reason as above.

We repeat the above transformation step as long as there are vertices v
for which Py (v) # Py« (v), where ¥ denotes the most recently constructed k-
balanced partition. We end up with a k-balanced partition #” which contains
as partition sets all big partitition sets of ¥ which induce one connected
component in G, respectively. Moreover ¥ fulfills the following inequality

ni (V") > n (V). (2.26)
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Notice finally that by removing from G all big partition sets of ¥ which
induce one connected component in GG, respectively, we obtain a graph whose
largest connected component contains at most 2h=k" _ 1 vertices. So, if ¥’
contains any partition sets which induce one connected component in G
besides the big partition sets of 7* inducing one connected component, then
these partition sets should be small ones. Finally, since in every k-balanced
partition there is only one small partition set and the small partition set in
7* induces one connected component in G we get

By combining (2.26) and (2.27) we get ni1(#™*) > ni(¥) and this completes
the proof. O

2.3.3 The optimal value of the 2¥-BPP on binary reg-
ular trees

According to equality (2.25) the optimal value ¢(G, #*) of the 2¥-BPP on a
binary regular tree of height h for 1 < k' < h is given as ¢(G, ¥*) = 2k —
ni(7*) — 1. Recall that ny(#™*) is the number of partition sets of #* which
induce exactly one connencted component each in G. Observe that for every
1 €N, 1< < e+ 1, the algorithm presented in Subsection 2.3.1 constructs
exactly 2"7#+1 big partition sets inducing one connected component in G,
respectively. More precisely, it constructs one such partition set for each
vertex of level h — it + 1, where the partition sets arise in the ¢-th bands of
height ¢ — 1 by cutting the edge joining the above mentioned vertices to their
right children, respectively. Finally in its last step the algorithm constructs
the small partition set which also induces one connected component in G.
Thus the following equality holds

— h—it+1 h+11 — (%)GH
and this implies
1— (l)e—I—l
oG, V) =2k —2 -2 22 _ (2.29)
2 (1— o)

For technical reasons we derive a lower bound for ¢(G, #™*) which is given as
a closed formula depending just on k.
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Lemma 2.13. Let G = (V, E) be a binary regular tree of height h > 1 and
let k = 2’“/, where 1 < k' < h. Let ¥* be the optimal k-balanced partition
i G computed by the algorithm described in Subsection 2.3.1. The optimal
value ¢(G, V™) of the k-BPP in G fulfills the following (in)equalities:

10

(G, V) 2 k=2 ifk <h-—1, (2.30)

(G, V") = %k s l( 182k if k' = h and (2.31)
37276

oG, V") = 2k 2 ifk < | +1. (2.32)

Proof. UK <h—-—1wegett=h—kK +2>h—(h—1)+2=3 and the
following inequalities hold

1 ht1 1
ni(7*) <14 2! <—1—1)_1+ =
1— 5 1— 2—t
2h+1—t 2k’—1
:1+1_L :1+1_1 (2.33)
2 8
2K 4
: 7
4
The last inequality implies
10
(G, ”V*)—Qk—nl(”ﬂ*)—1>7k—2 (2.34)

IfK =hwegett=h—kK+2=2ande= 2| —1=|2| 1 1Ifh
is odd, e = 1 — 1 holds, and if h is even we get e = [2H] = 2 By
setting this values for e and ¢ in equation (2.28) and simplifying we get

(2.35)

. %2"4—% if his odd
ni (V) =

20h 1 iep o :
32"+ 35 if hiseven
By plugging these expressions for ni(#*) into equation 2.29 we obtain

4 1
(G, ) = 2k —m (V) 1= gk~ g + (=1t (2.36)

in both cases.

R <[§]+1wegett=h—K+2ande= "] —1= [l - 1<

L htl J — 1. By distinguishing the two cases when h is odd and A is

[
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even it can be easily observed that e = 0 in both cases. By substituting
e by 0 in equation 2.28 we get

i 1 h+1 vy ok’ k
and then by plugging this into equation 2.29

c(G,”//*):Qk—l—g—lzgk—Q. (2.38)

2.4 'The approximation ratio of Algorithm 2.1

In order to estimate an approximation ratio p for Algorithm 2.1 we will
exploit the relationship between the DAPT on binary regular trees and the
k-BPP and obtain a lower bound for the objective function value of the
DAPT in terms of the special case of k-BPP where k is a power of two.

Let the guest graph G = (V, FE) and the host graph 7" be binary reg-
ular trees of heights hg > 1 and h = hg + 1, respectively, and let ¢ be
an arbitrary arrangement with corresponding objective value OV (G, 2, ¢) =
> (uwer dr (¢(u), ¢(v)). The length dr(¢(u), ¢(v)) of the unique ¢(u)-¢(v)-
path in the binary regular tree 7' is even for any two vertices u and v in G
(see and Observation 2.5 ). Moreover, 2 < dy(¢(u), ¢(v)) < 2h holds for any
two vertices u and v in G. Let a;(¢), 1 < i < h, be the number of edges
which contribute to the value of the objective function by 2¢, i.e. the number
of edges (u,v) € E(G) for which dr(¢(u), ¢(v)) = 2i holds. Then

OV(G, 2, 925) = ah(gb) - 2h + ah_1(¢) . 2(h - 1) + ...+ CL1<¢) -2
h (2.39)

=2 ai(¢)i.

i=1

The number of edges which contribute to the objective function value by at
least 2i, i.e. the number of edges (u,v) € E(G) for which dr(¢(u), p(v)) > 2i
holds, is given by the following the partial sums

h

si(@) = Z aj(¢) for all 1 <i < h. (2.40)

j=i
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Clearly, the following equalities hold

$i(@) — sip1(¢) for 1 <i<h-—1

(@) = { si(9) fori=nh ' (2.41)

By plugging this into the objective function in (2.39) we get

>

OV(G,2,0) =2) a;(¢)i

1
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Example 2.6. Let us consider the guest graph in Figure 2.2 and the arrange-
ment ¢4 obtained by applying Algorithm 2.1; this arrangement is depicted in
Figure 2.4. The coefficients a;(¢a), si(¢a), for 1 < i < h are listed in
Table 2.1.

i [4]3]2] 1
a(oa) [113]5] 5
si(da) | 114|914

Table 2.1: Coefficients a;(¢4) and partial sums s;(¢4) for 1 < i < h.

By applying (2.39) and (2.42) we obtain the corresponding objective func-
tion value, respectively, as follows:

h
OV(G,2,04) =2 ai(¢pa)i=2(5-1+5-2+3-3+1-4) =56, (2.43)
i=1

h
OV(G,2,64) =2 si(¢a) =2(14+9+4+1) = 56. (2.44)

i=1

For hg = 0 the arrangement ¢ 4 is obviously optimal, so let us assume that
hg > 1 through the rest of this section. The next lemma and its corollary
give closed formulas for the coefficents a;(¢4) and the partial sums s;(¢4),
1 <@ < h, corresponding to the arrangement computed by Algorithm 2.1.
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Lemma 2.14. Let the quest graph G = (V, E) and the host graph T be binary
reqular trees of heights hg > 1 and h = hg + 1, respectively, and let ¢4 be
the arrangement computed by Algorithm 2.1. Then the coefficients a;(¢a),
1 <@ < h, are given as follows:

206 — 2 — (=) fori=1
526 + 2+ L(=1)'e fori=2
3. 2hc—i for3<i<h

1 fori=nh

Proof. Consider first ¢ = 1 and determine the number of edges contributing
to the objective value OV (G, 2, ¢ 4) by exactly 2. Let us first neglect the pair-
exchanges done in pseudocode line 9. Then there are only two possibilities
how to arrange an edge in Algorithm 2.1 in such a way that it contributes
by 2 to the objective value

(1) Either it is taken over from the recursive arrangements in pseudocode
line 6

(2) or it is produced by placing the root v; in pseudocode line 7.

In the latter case the following property P must hold: (P) A child of the
root v; and vy itself are placed to children vertices of a common father in
T. Since the children of the root v, are roots in the previous recursion step,
and since the roots are always placed on the middle leaf, hg = 1 has to
hold in the corresponding recursive run, i.e. in the run when property P is
fulfilled. So exactly one edge contributing by 2 to the value of the objective
function arises in every such recursive run with hg = 1 (see also Figures 2.19
and 2.20 in Appendix). There are 2"¢~1 such runs, one for each vertex with
level hg — 1 (playing the role of the root). Thus, if the pair-exchange step
is neglected, there are 2"6~! edges which contribute 1 to the value of the
objective function.

Let pe(hg) be the number of pair-exchanges done in pseudocode line 9
when applying the algorithm on a guest graph of height hg. We prove that

pe(hg) = =2 — — — —(=1)he (2.46)

by induction on the height hg. For hg = 1 the formula in (2.46) yields
pe(hg) = 0 which is obviously correct (see also Figures 2.19 and 2.20 in
Appendix). Analogous arguments as in the proof of Lemma 2.8 show that
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the following recursive equations hold for hg > 1:

2pe(hg) +1 for hg + 1 odd

e(hg +1) = . 2.47
pelha +1) { 2pe(hg) for hg +1 even (247)

So by applying (2.46) and (2.47) we get:

1 11
pe(he +1) = 2pe(hg) +1 =2 (—th -5 6(—1)“) +1

, o (2.48)
— _2hG+1 — (=1 ha
5 5 gl
if hg is odd, and
1, 1 1, .,
pe(hg + 1) = 2pe(hg) =2 | =2" — = — —(=1)"
6 2 6
(2.49)
= lghcﬂ . 1(_1)hc
6 2 6

if h¢ is even. Thus also pe(heg + 1) fulfills (2.46), which completes the induc-
tive proof of (2.46).

In Lemma 2.7 it was proven that every pair-exchange done in pseudocode
line 9 increases by 1 the number of edges contributing by 2 to the value of
the objective function. Thus we get

2 11
ai(¢a) = 2" + pe(hg) = §2’16 —5 6(_1)hc’ (2.50)

and hence the claim of the lemma holds for 7 = 1.

Let ¢ = 2. We use the same technique: We count vertices with level(v) =
hg — 1 and the number of vertices with level(v) = hg — 2 first. Edges which
contribute by 4 to the value of the objective function arise only in recursive
runs where the guest graph has height 1 or 2 and is rooted at a vertex with
level hg — 1 or hg — 2, respectively. In every such recursive run exactly one
edge of that kind arises (see also Figures 2.19, 2.20, 2.21 and 2.22). Then we
consider the effect of the pair-exchanges done in pseudocode line 9. According
to Lemma 2.7 each such pair-exchange reduces by one the number of edges
which contribute to the value of the objective function by 4, so we get

7 11
ar(@a) =271 4287 — pe(hg) = 2" + S+ (=), (251)

and hence the claim of the lemma holds for 7 = 2.
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Consider now the case i > 3. According to Lemma 2.7 the pair-exchanges
done in pseudocode line 9 have no effect on the number of edges of G which
contribute to the value of the objective function by 2i, if ¢+ > 3. So for
3 <1 < h the pair-exchanges can be neglected and we get

a;(¢y) = 2Me=1) 4 gho—i — 3. ghe—i, (2.52)

in compliance with the claim of the lemma.

Finally, for i = h there is exactly one edge which contributes by 2h to the
value of the objective function, namely the one joining the root of G with
his right child. ]

Corollary 2.15. Let the guest graph G = (V, E) and the host graph T be
binary regular trees of heights hg > 1 and h = hg+1, respectively, and let ¢ 4
be the arrangement computed by Algorithm 2.1. Then the coefficients s;(¢a),
1 <i < h, are given as follows:

2.2he 9 fori=1
si(ga) = 52" =5+ §(=D fori=2 : (2.53)
6-2hc—t _ 92 for3<i<h

Proof. This corollary is a straightforward consequence of the definition of
si(@), 1 <i < h, (see (2.40)) and of Lemma 2.14.

e Fori = hweget: s,(¢d4) = an(pa) =1 =6-2hc—(he+D) 9 = §.2he=1 2,

e For 3 < ¢ < h we get by induction on ¢ and starting with i = h:
5i(0a) = ai(da) + sis1(da) = 3- 2" 462k ~(H) —9 — 6. 2he = —2,

o Fori =2 we get: s2(¢a) = aa(da) + s3(¢a) = 52" + 5 + 5(=1)" +
620673 —2=322he¢ — 3 4 2(—1)he.

o Fori=1we get: s1(¢a) = ar1(da) + s2(da) = 32"¢ — 5 — (=1)"¢ +
dohe — 2 4 L(_1)he = 2.2k — 2,

O

Next we give a lower bound for s;(¢), where ¢ is an arbitrary arrangement
of the vertices of the guest graph G with height hq into the leaves of the host
graph T" with height h := hg+1 and where 7 is some integer between 1 and h.
si(¢) is the number of edges of G which contribute by at least 2i to the value
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of the objective function. Obviously, each such edge joins vertices of G which
are arranged at the leaves of different binary reqular subtrees of T of height
i — 1 and rooted at vertices of level h — (i — 1) = hg —i + 2 =: k. Clearly,

there are 2¥ such subtrees of T'. Let us denote them by Tj(i), for 1 < j <28,
Let Vj(i) C V(G) be the set of vertices of G which are arranged at the leaves
of Tj(i). Since for all leaves b of T but one there is some vertex v € V(G) with
oé(v) =, |Vj(i)| = 2/=1 holds for all but one index j, 1 < j < 2¥ and for the
exception, say jo, |V]Ef)| = 2i=1 — 1 holds. Thus ¥® = {V}-(i)|1 <j<2%}is
k-balanced partition of G with k = 2¥'| k' = hg—i+2, and s;(¢) = ¢(G, ¥ ).
Let 7#;* be the optimal k-balanced partition of G' (which can be computed
by the algorithm presented in Subsection 2.3.1 and for which lower bounds
of the objective function value as in Subsection 2.3.3 are known). Then
si(@) > c(G, ¥;) holds for all i, 2 < ¢ < h and for every arrangement
¢. Let us denote the lower bounds s* = ¢(G,#*) for 2 < i < h, and
sk =|V(@)|-1=2"-2fori=1.

Thus we get

h
OV (G,2,¢) > 22 sk for all arrangements ¢. (2.54)

=1

Notice that s1(¢) = |E(G)| = |V(G)|—1 = sk holds for every arrangement
¢ of the guest graph (. Notice, moreover, that for hg < 4 the bound in
(2.54) is tight, in the sense that it matches the optimal value of the objective
function of DAPT (G, 2), as illustrated in the following tables.

i [2]1
si(ga) || 12
sk 1]2

Table 2.2: Partial sums s;(¢4) and the corresponding lower bounds s¥, where
1 <i < h, for a guest graph G = (V, E) of height hg = 1.

i [3]2]1
sk 11416

Table 2.3: Partial sums s;(¢4) and the corresponding lower bounds s’, where
1 <i < h, for a guest graph G = (V, E) of height hg = 2.
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i [4]3]2] 1
si(pa) [1]4]9] 14
s! 114]9] 14

Table 2.4: Partial sums s;(¢4) and the corresponding lower bounds s¥, where
1 <i < h, for a guest graph G = (V, E) of height hg = 3.

i |5]4] 3] 2] 1
si(da) || 1]14]10]20] 30
sk 114110]207]30

Table 2.5: Partial sums s;(¢4) and the corresponding lower bounds s¥, where
1 <i < h, for a guest graph G = (V, E) of height hg = 4.

In general, the lower bound in (2.54) is not tight. Already for hg = 5
there is a gap between the value of the objective function corresponding to
the arrangement ¢4 generated by the algorithm A and the lower bound, as
shown in Table 2.6 below. Moreover, in the following example we prove that
¢4 is an optimal arrangement for hg = 5. Thus we conclude that the lower
bound in (2.54) does not match the optimal value of the objective function
of DAPT(G,2) already for hg = 5.

Example 2.7. Consider the guest graph G = (V, E) to be a complete binary
tree of height hg = 5 ordered according to the canonical ordering. The partial
sums s;(¢pa) and the lower bounds s&, for 1 <i < h, computed according to
Corollary 2.15, inequality (2.54) and equation (2.29), are given in Table 2.6
below.

i |6|5] 4] 3] 2] 1
si(@a) [114]10]22]41]62
st 1l4]10]21]41]62

Table 2.6: Partial sums s;(¢4) and the corresponding lower bounds s¥, where
1 <i < h, for a guest graph G = (V, E) of height hg = 5.

Thus in the case hg = 5 the bound of inequality (2.54) does not match
the objective function value corresponding to ¢4 because s3(¢,) > sk. Now,
a natural question arises:

Question: Does the bound in (2.54) match the optimal value of the objec-

tie function of the DAPT(G,2) if ha =57
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We show that ¢4 is an optimal arrangement if hg = 5, and hence the
answer to the above question is “no”. Indeed, assume that ¢4 is not optimal
and let ¢. be an optimal arrangement. Observe that s¢(¢.) = 1 has to hold
because sg(¢p.) > 2 leads to a contradiction as follows:

OV(G,2,6.) — OV(G,2, ¢a) —22 ¢.) — 5:(6a))

=1

— 22 —5; qu)) + 2(86(¢*) — 36(¢A))

>22 —s5i(pa)) +2=—-24+2=0.

(2.55)

By similar arguments we would get s;(¢.) = s = s;(¢pa) fori € {1,2,4,5}.

Since sg(¢4) = 1 there will only be one edge ofG such that its endpoints are
mapped to leaves of the right and the left basic subtrees of T, respectively.
Clearly this edge can only be (vy,vs) or (vi,vs). Assume w.l.o.g. that this
edge is (v1,v3) and that ¢. arranges the right basic subtree of G (of height 4)
at the leaves of the right basic subtree T" of T'. Since algorithm A yields an
optimal arrangement for hg < 4, we can than assume w.l.o.g. that ¢, and
¢4 arrange the right basic subtree of G in the same way. Now consider the
left basic subtree of G together with the root vi and denote this subgraph of
G by Gy. ¢, arranges Gy at the leaves of the left basic subtree T' of T. Let
Gﬁ“) and ng) the two subgraphs of Gy arranged by ¢, at the leaves of the
left and the right basic subtrees of T', denoted by T" and T, respectively.
Since the number of edges which contribute by at least 2 - 5 to the value
OV (G,2,¢.) is s5(¢s) = 4, there are just two edges e; of Gy such that ¢,
arranges one endpoint of e; to some leaf of T" and the other endglomt of e;
to some leaf of T, for i = 1,2. Recalling that |V | we can
easily convince ourselves (in the worst case by usmg complete enumemtwn}
that one of the edges e;, 1 = 1,2, has to coincide with one of the two edges
(v1,v9) or (va,v5) (or (ve,v4), symmetrically). We obtain two cases. (A) If
er = (v1,v2), then ey = (vg,v5) must hold. (B) Otherwise, if ey = (vq, vs)
and es # (v1,v2), then ey has to join some leave of the left basic subtree of
G1 \ {v1} to its father, e.g. es = (vig,v39). The edges e;, i = 1,2, fully
determine the corresponding subgraphs Gga) and ng), each of them having 16
vertices. For every realisation of e;, 1 = 1,2, the problems DAPT(GEG),Q)
and DAPT(G ), 2) can be solved by complete enumeration to observe that the
correpsonding optimal values coincide with the values of the objective function
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corresponding to the arrangement of the respective subgraphs according to
¢a. Notice that it is enough to do the complete enumeration for the DAPTs
resulting in the case A and for the DAPTs resulting in the case B with e; =
(v19,v39); all other possible realisations of ey in case B lead to Gga), ng)
which are isomorphic to Gga), ng) obtained for es = (v1g, v39), respectively.
Notice finally, that the answer “no” to the question posed above is not
surprising. In general a collection of optimal 2F-balanced partitions, 1 <
k < hg, of a binary tree G of height hg, does not need to coincide with the
2F_balanced partitions of G defined in accordance with some feasible so